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Abstrat
In this paper, we onsider the eet of Plank sale operators on neutrino magneti moments.
We assume that the main part of neutrino masses and mixings arise through GUT sale operators.
We further assume that additional disrete symmetries make the neutrino mixing bi-maximal.
Quantum gravitational (Plank sale) eets lead to an eetive SU(2)L×U(1) invariant dimension-
5 Lagrangian involving neutrino and Higgs elds, whih gives rise to additional terms in neutrino
mass matrix. These additional terms an be onsidered to be perturbation of the GUT sale bi-
maximal neutrino mass matrix. We assume that the gravitational interation is avour blind and
we study the neutrino mixings and magneti moments due to the physis above the GUT sale.
1
I. INTRODUCTION
Neutrino magneti moments is proportional to the neutrino mass as required by the sym-
metry priniples. At present the solar, atmospheri, reator and aelerator experiments
indiates the existene of non zero neutrino masses. Its indiates that neutrino has a mag-
neti moment. A minimal extension of solar model yields a neutrino magneti moment
[1℄
µν =
3eGFmν
8π2
√
2
=
3GFmemν
4π2
√
2
µB, (1)
where µB = e/2m is the Bohr magnetron, me is the eletron mass and mν is the neutrino
mass.
The fundamental magneti moment are assoiated with the mass eigenstates in the mass
eigenstates basis. Dira neutrino an have diagonal or o diagonal moment, while Majarona
neutrino an have transition magneti moments [2, 3, 4℄. The experimental value of neutrino
magneti moment an be determined by only in the reoil eletron spetrum from neutrino
eletron spetrum [5, 6℄. In this paper, we study, how Plank sale eets the neutrino
magneti moments. Magneti moment of neutrinos, in priniple, depend on the distane
from its soure [4℄
µ2e =
∑
i
|∑
j
Uejµijexp(−iEjL)|2, (2)
where µij is the fundamental onstant in term of unit µB that haraterize the oupling of
the neutrino mass eigenstate to the eletromagneti eld. The expression for µ2e in the ase
of Dira neutrino, with only diagonal magneti moment (µij = µiδij); this is used by the
Partile Data Group [4℄
µ2e =
∑
j
|Uej|2|µj|2, (3)
In this expression, there is no dependene of L and neutrino energy E. In this one an say the
neutrino magneti moments depend on neutrino mixings. In the ase of Majarona neutrino,
and we assume three mass eigenstates. Then
2
µ
′2
e = (|µ12|2 + |µ13|2)(|Ue2|2 + |Ue3|2). (4)
For the Dira ase this implies that at least nondoagonal magneti moment is as large as
the diagonal ones. In the ase of Majorana, it implies that two dierent nondiagonal mag-
neti moment are of a similar magnitude [16℄. Corretion to neutrino mixing and neutrino
magneti moments are given in Setion 2. In setion 3 give the results on neutrino mixing
and magneti moments.
II. CORRECTIONS TO MIXING ANGLES AND NEUTRINO MAGNETIC MO-
MENTS
The neutrino mass matrix is assumed to be generated by the see saw mehanism [7, 8, 9℄.
Here we will assume that the dominant part of neutrino mass matrix arises due to GUT
sale operators and they lead to bi-maximalmixing. The eetive gravitational interation of
neutrinos with Higgs eld an be expressed as SU(2)L×U(1) invariant dimension-5 operator
[10℄,
Lgrav =
λαβ
Mpl
(ψAαǫACψC)C
−1
ab (ψBbβǫBDψD) + h.c. (5)
Here and every where below we use Greek indies α, β..for the avour states and Latin
indies i, j, k for the mass states. In the above equation ψα = (να, lα) is the lepton doublet ,
φ = (φ+, φ0) is the Higgs doublet and Mpl = 1.2× 1019GeV is the Plank mass. λ is a 3× 3
matrix in avour spae with eah element O(1). In eq(4), all indies are expliitly shown.
The Lorentz indies a, b = 1, 2, 3, 4 are ontrated with the harge onjugation matrix C and
the SU(2)L isospin indies A, B, C, D = 1, 2 are ontrated with ǫ, the Levi-Civita symbol
in two dimensions. After spontaneous eletroweak symmetry breaking the Lagrangian in
eq(4) generates additional terms of neutrino mass matrix
Lmass =
v2
Mpl
λαβναC
−1νβ, (6)
where v=174 GeV is the VEV of eletroweak symmetry breaking.
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We assume that the gravitational interation is avour blind , that is λαβ is independent
of α, β indies. Thus the Plank sale ontribution to the neutrino mass matrix is
µ λ = µ


1 1 1
1 1 1
1 1 1


, (7)
where the sale µ is
µ =
v2
Mpl
= 2.5× 10−6eV. (8)
In our alulation, we take eq(6) as a perturbation to the main part of the neutrino mass
matrix, that is generated by GUT dynamis. We ompute the hanges in neutrino mass
eigenvalues and mixing angles indued by this perturbation. We assume that GUT sale
operators give rise to the light neutrino mass matrix, whih in mass eigenbasis, takes the
form M = diag(M1,M2, M3), where Mi are real and non negative. We take these to be
the unperturbed (0th − order) masses. Let U be the neutrino mixing matrix at 0th − order.
Then the orresponding 0th − order mass matrix M in avour spae is given by
M = U∗MU †. (9)
The 0th − order MNS matrix U is given in this form
U =


Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3


, (10)
where the nine elements are funtions of three mixing angles, one Dira phase and two
Majorana phases. In terms of the above elements, the mixing angles are dened by
|Ue2
Ue1
| = tanθ12, Uµ3
Uτ3
| = tanθ23, |Ue3| = sinθ13. (11)
In terms of the above mixing angles, the mixing matrix is written as
4
U = diag(eif1, eif2, eif3)R(θ23)∆R(θ13)∆
∗R(θ12)diag(e
ia1, eia2, 1). (12)
The matrix ∆ = diag(e
iδ
2 , 1, e
−iδ
2 ) ontains the Dira phase δ. This leads to CP violation
in neutrino osillations. a1 and a2 are the so alled Majorana phases, whih aet the
neutrinoless double beta deay. f1, f2 and f3 are usually absorbed as a part of the denition
of the harge lepton eld. It is possible to rotate these phases away, if the mass matrix eq(5)
is the omplete mass matrix. However, sine we are going to add another ontribution to
this mass matrix, these phases of the zeroth order mass matrix an have an impat on the
omplete mass matrix and thus must be retained. By the same token, the Majorana phases
whih are usually redundant for osillations have a dynamial role to play now. Plank sale
eets will add other ontributions to the mass matrix. Inluding the Plank sale mass
terms, the mass matrix in avour spae is modied as
M→M′ = M+ µλ, (13)
with λ being a matrix whose elements are all 1 as disussed in eq(3). Sine µ is small, we
treat the seond term (the Plank sale mass terms) in the above equation as a perturbation
to the rst term (the GUT sale mass terms). The impat of the perturbation on the
neutrino masses and mixing angles an be seen by forming the hermitian matrix
M
′†
M
′
=(M+ µλ)†(M+ µλ), (14)
whih is the matrix relevant for osillation physis. To the rst order in the small parameter
µ, the above matrix is
M
†
M+ µλ†M+M†µλ. (15)
This hermitian matrix is diagonalized by a new unitary matrix U
′
. The orresponding di-
agonal matrix M
′2
, orret to rst order in µ, is related to the above matrix by U
′
M
′2
U
′†
.
Rewriting M in the above expression in terms of the diagonal matrix M we get
U
′
M
′2
U
′†
= U(M2 +m†M +Mm)U † (16)
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where
m = µU tλU. (17)
Here M and M
′
are the diagonal matries with neutrino masses orret to 0th and 1th order
in µ. It is lear from eq(15) that the new mixing matrix an be written as:
U
′
= U(1 + iδΘ),
=


Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3


+


Ue2δΘ
∗
12 + Ue3δΘ
∗
23, Ue1δΘ12 + Ue3δΘ
∗
23, Ue1δΘ13 + Ue3δΘ
∗
23)
Uµ2δΘ
∗
12 + Uµ3δΘ
∗
13, Uµ1δΘ12 + Uµ3δΘ
∗
23, Uµ1δΘ13 + Uµ3δΘ
∗
23
Uτ2δΘ
∗
12 + Uτ3δΘ
∗
13, Uτ1δΘ12 + Uτ3θΘ
∗
23, Uτ1δΘ13 + Uτ3δΘ
∗
23


, (18)
where δθ is a hermitian matrix that is rst order in µ. From eq(15) we obtain
M2 +m†M +Mm = M
′′2
+ [iδΘ,M
′2
]. (19)
Therefore to rst order in µ, the mass squared dierene ∆M2ij = M
2
i −M2j get modied
[11, 13℄ as:
∆M
′2
ij = ∆M
2
ij + 2(MiRe[mii]−MjRe[mjj ]). (20)
The hange in the elements of the mixing matrix, whih we parametrized by δΘ, is given by
δΘij =
iRe(mij)(Mi +Mj)
∆M
′2
ij
− Im(mij)(Mi −Mj)
∆M
′2
ij
. (21)
The above equation determines only the o diagonal elements of matrix δΘij. The diagonal
elements of δΘ an be set to zero by phase invariane.
The new Majorana neutrino magneti moments due to Plank sale is given by
6
µ
′2
x =
∑
j
∑
k
|U ′xj|2|µjk|2, (22)
where (x = e, µ τ) is the avour indies. In the ase of three avour, the magneti moment
of Majorana eletron neutrinos is given by
µ
′2
e = (|µ12|2 + |µ13|2)(|U
′
e2|2 + |U
′
e3|2). (23)
and there is no dependene on the distane L or neutrino energy.
III. RESULTS AND DISCUSSIONS
We assume the largest allowed value of 2 eV for degenerate neutrino mass whih omes from
tritium beta deay [12℄. We also assume normal neutrino mass hierarhy. Thus we have
M1 =2 eV, M2 =
√
M21 +∆21 and M3 =
√
M21 +∆31. As in the ase of 0
th
order mixing
angles, we an ompute 1st order mixing angles in terms of 1st order mixing matrix elements
[14℄. We expet the mixing angles oming from GUT sale operators to be determined by
some symmetries. For simpliity, here we assume a bi-maximal mixing pattern, θ12 = θ23 =
π/4 and θ13 = 0. We ompute the modied mixing angles for the degenerate neutrino mass
of 2 eV. We have taken ∆31 = 0.0025eV
2
and ∆21 = 0.00008eV
2
. For simpliity we have
set the harge lepton phases f1 = f2 = f3 = 0. We have heked that non-zero values for
these phases do not hange our results. Sine we have set θ13 = 0, the Dira phase δ drops
out of the 0th order mixing matrix. We onsider the Plank sale eets on neutrino mixing
and we get the given range of mixing parameter of MNS matrix
U
′
= R(θ23 + ǫ3)Uphase(δ)R(θ13 + ǫ2)R(θ12 + ǫ1), (24)
In Plank sale, only θ12(ǫ1 = ±3o)have reasonable deviation and θ13, θ23 deviation is very
small less than 0.3o [14℄. In the new mixing at Plank sale we get the given moments of
Majorana neutrinos
µ
′2
e = (|µ12|2 + |µ13|2)(|U
′
e2|2 + |U
′
e3|2). (25)
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µ
′2
µ = (|µ21|2 + |µ23|2)(|U
′
µ1|2 + |U
′
µ3|2). (26)
µ
′2
τ = (|µ31|2 + |µ32|2)(|U
′
eτ2|2 + |U
′
eτ3|2). (27)
The best diret limit on the neutrino magneti moment, µe ≤ 1.8×10−10µB at 90% CL [15℄,
oming from neutrino eletron sattering with anti-neutrino. However, the limit obtained
using the SK data [4℄, µe ≤ 1.5× 10−10µB.Due to Plank sale eets, mixing angle θ12 and
θ13 will ontributes the magneti moments of neutrinos.
IV. CONCLUSIONS
We assumed that the main part of neutrino masses and mixings arise from GUT sale
operators. We onsidered these to be 0th order quantities. We further assumed that GUT
sale symmetries onstrain the neutrino mixing angles to be either bi-maximal or tri-bi-
maximal. The gravitational interation of lepton elds with SM Higgs eld gives rise to
an SU(2)L × U(1) invariant dimension-5 eetive lagrangian, given originally by Weinberg
[10℄. On eletroweak symmetry breaking this operator leads to additional mass terms. We
onsider these to be a perturbation of GUT sale mass terms. We ompute the rst order
orretions to neutrino mass eigenvalues and mixing angles. In [11℄, it was shown that the
hange in θ13, due to this perturbation, is small. Here we show that the hange in θ23 also is
small (less than 0.3o) but the hange in θ12 an be substantial (about ±3o). The hanges in
all three mixing angles are proportional to the neutrino mass eigenvalues. To maximize the
hange we assumed degenerate neutrino masses ≃ 2.0 eV. For degenerate neutrino masses,
the hanges in θ13 and θ23 are inversely proportional to ∆31 and ∆32 respetively, whereas
the hange in θ12 is inversely proportional to ∆21. Sine ∆31 ∼= ∆32 ≫ ∆21, the hange in
θ12 is muh larger than the hanges in θ13 and θ23. In this paper, we write the neutrino
magneti moment expression for three avour neutrino mixing. For majarona neutrino
two non diagonal moment, these expression are Eq(4.0) for vauum mixing. For majorana
neutrino with three avour, the expression is µ
′2
e = (|µ12|2 + |µ13|2)(|Ue2|2 + |Ue3|2). In this
paper, nally we wish make a important omment. Due to Plank sale eets mixing angle
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θ12 and θ13 ontribute the magneti moments of neutrinos.
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